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CARLESON MEASURES AND MULTIPLIERS
OF DIRICHLET-TYPE SPACES

RON KERMAN AND ERIC SAWYER

ABSTRACT. A function p from [0,1] onto itself is a Dirichlet weight if it is
increasing, p" < 0 and limz—o+ z/p(z) = 0. The corresponding Dirichlet-
type space, D,, consists of those bounded holomorphic functions on U = {z €
C: |2| < 1} such that |f/(2)]2p(1 — |2|) is integrable with respect to Lebesgue
measure on U. We characterize in terms of a Carleson-type maximal operator
the functions in the set of pointwise multipliers of D,, M(D,) = {g: U —
C:gf € Dy, Vf € Dy}

I. Introduction. Let H(U) denote the set of functions holomorphic in the open
unit disk U = {z € C: |z| < 1}. A function p mapping [0,1] onto itself is called
a Dirichlet weight if it is increasing, concave in the strong sense that p” < 0 and
limz_,04+ z/p(z) = 0. Given such a weight, the Dirichlet-type space D, consists of
those f € H(U) for which the norm

(1.1 it = 15001+ [[[ 17era 1]

is finite; here dz denotes Lebesgue measure on U. The main purpose of this paper
is to characterize the set M(D,) of pointwise multipliers of D,, where

M(D,)={g: U —C: feD,forall fe€D,}.

Previous results concerning pointwise multipliers of these spaces dealt with the
special case

oo oo 1/2
D,=feHU), f= Zanz": Iflle = [2(1 +n2)°‘|an|2] <oy,
n=0

n=0

—00 < a < 00; in case & = 1/2 this is the classical Dirichlet space of functions in
H(U) whose derivatives are square-integrable on U. Taylor [10] described M (D,)
when « lies outside (0,1/2]: for a < 0, M(D,) = H®(U) = H({U) N L*°(U) while
for o > 1/2, M(D,) = D, (so that D, is an algebra). D. Stegenga [8] showed that
for po(r) =172 a < 1,

1/2

(1.2) 1lla ~ 1£0)] + [ / /U (&) Ppall - |2y dz|
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that is, the two terms in (1.2) are equivalent in the sense that each is no larger
than a constant multiple of the other, the constants being independent of f. (We
observe [0,1/2] is precisely the range of « for which p, is concave.) Stegenga proved
g€ M(D,), a €(0,1/2], if and only if g € H*®(U) and

(13) [ WP~ |2 < o, (U

U, s) 7
for all finite collections of pairwise disjoint subarcs {I;} on the unit circle T = {2 €
C: |z| = 1}. Here S(I) denotes the square {z =re®: e € T and (1 - |I|)3 <~ <
1}, 1| is the arclength of the subarc I, and Cap, (E) denotes the Bessel capacity
of order a of the set E.

Our characterization of M (D,) differs from (1.3) in that we replace the capacity
by a Carleson-type maximal operator and so are able to test a certain inequality,
(1.4), over subarcs of T rather than finite unions of subarcs. This maximal operator,
M, associates to nonnegative h on U a function M,h on T by

(M,h)(¢) = sup[I|o(|1))) /2 / / 2)dz,

the supremum being over all subarcs I of T containing e*?. Adopting the usual

notation, x g, for the characteristic function of the set FE, we can now state

THEOREM A. Suppose p is a Dirichlet weight. Then g € M(D,) if and only if
g € H®(U) and there exists C > 0 such that

/, (M, (xsenld' O1Pp(L = | - D)(e)]? do

<C// p(1—|z|)dz < 00
for all subarcs I of T.

We now outline in some detail the proof of Theorem A. There are two main
steps. First, in §2, Plancherel’s theorem is used to show the norm defined at

f(2) =32 panz™ in D, by

0o 1/2
(15) 1715 = [|ao|2 + > (5) Ianl2]
n=1

is equivalent to the one in (1.1). We next observe that, p being concave, np(1/n)
is a nondecreasing function of n, so D, must be contained in the Hardy space

H2(T) = {f € L*(T): f(n) = 0 for n < 0}. Thus, defining the function K, on T
in terms of its Fourier coeflicients
. 2, n =0,
(1.6) K,(n) = { N
g Inlo(1/InD]=*2,  n#0,
we can identify D, with the space S, of Poisson integrals of K ,-potentials of func-
tions in H%(T),

Sy ={f(2) = (P *K,*h)(€®): z=re’, he H*(T)};

(1.4)
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here, as usual,
(9+h)(e) = ~ / g(e®=)h(e") dt
27 T

and P,(0) = (1 —r?)/(1 — 2rcosf + r2). Indeed, if f € D,, then f = P, * K, h
where
00/2, n= 0,
h(n)=1{ 0, n <0,
np(l/n)an, n>0.
Second, by [5, Proposition 1.6/4], M(D,) is embedded in H*(U). As pointed
out on p. 178 of [5], this fact, together with the product rule of differentiation shows
g € M(D,) if and only if g € H*(U) and

J[ 18P @~ 2 dz < o0

for all f € D,. The identification of D, with S, described above then says g €
M(D,) if and only if g € H*(U) and

(1.7) (P % K x h)(e”)*|g' (re”*)|*p(1 = 1) d(re*’) < 00
U

for all h € H%(T). Taking complex conjugates, it is seen (1.7) would, in fact, hold
for all h € L?(T). By the closed graph theorem, this is equivalent to the existence
of C' > 0 such that

(1.8) / /U (P, + K, % h)(c®)2 du(re®) < C /T |h(e)[2 do

for all h € L%(T), with du = |¢'(2)|?p(1—|2|) dz. Any u € B(U), the class of positive
Borel measures on U, which satisfies (1.8) will be called a Carleson measure on S,,.
The proof of Theorem A is completed in §III by a characterization of such Carleson
measures. This characterization is also used in §IV to give another approach to the
“Féjer-Riesz inequality” of Nagel, Rudin and Shapiro [6].

II. Dirichlet-type spaces. In Theorem 2.2 below we require the following
result, whose proof can be found, for example, in {2, p. 183].

LEMMA 2.1. Suppose {cn}5% _, 1S an even, nonnegative sequence on Z which
s nonincreasing and conver on Z, with lim,_.o ¢, = 0. Then the even function
K(e®) =32 cne™™0 is nonnegative and integrable on T.

THEOREM 2.2. Suppose p is a Dirichlet weight. Then the function K, given
through its Fourier coefficients in (1.6) is even, nonnegative and integrable on T.
The mapping T, defined in terms of K, by

(T,,h)(rew) = (P xK,* h)(e“’), he H2(T),

is 1-1 from H?(T) onto D,. Further, the norm || 5 of (1.5) induced on T,h € D,
by taking the H?(T)-norm of h is equivalent to the norm || ||, in (1.1).

PROOF. The assertions concerning K, follow from Lemma 2.1 once it is observed

¢n = [np(1/n)]~1/2, n > 1, is nonincreasing and convex as a consequence of the
concavity of p.
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We next prove || ||, and || ||} are equivalent, which implies D, C T,(H?(T)),

as was pointed out in §1. Now, Plancherel’s theorem shows that for f(z) =
Yo 0an2™ in H(U),

[[ 1ot -2 bz = /1 o1 r)rdr / Zna R
‘2”2"2“’ 5 [/ ol (1—T)dr].

do

We must prove

1 1
/ rn=1p(1 —r)dr = / p(r)(1 =) ldr ~ n=1p(1/n).
0 0
Since p is increasing,

— 2n 1
[%ﬂ‘] n~p(1/n) = p(1/n) /1/n(1 —rynlgy

1 1
<[ a-nmtars [ —nmtar

and
1/n

1/n
/ p(r)(1 —r)2"~ldr < p(l/n)/ (1—r)2""ldr <n~lp(1/n).
0

0
Moreover, p(r)/r nonincreasing implies
1

/1 p(r)(1 — ) ldr < np(l/n)/ r(1 — )21 dp.
1/n 1/n

But, integration by parts, followed by elementary estimates, yields

1
/ r(1—r)2""1dr <n=2
1/n

This completes the proof of the equivalence of the norms.
To see T}, is 1-1 onto D, we note that as
[ ]
(T,h)(re®) = (P, x K, * h) () = Z anr™em?,

n=—oo
then
h(n), n>0,
0, n < 0.

(Inle(1/In))]*2an = [Inlp(1/In))*/2 K,(n)h(n) = {

III. Carleson measures. In this section we obtain a characterization of the
Carleson measures of S, and then use it to complete the proof of Theorem A.

Let K be any even, nonnegative function in L!(T"). We wish to determine those
p € B(U) for which the operator Tx: h — P, * K * h is bounded from L?(T)
to L2(u). Indeed, we consider the more general problem in which the index 2 is
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replaced by any fixed p, 1 < p < co. Such a measure u will be called a Carleson
measure on

St ={P,xK*h: he L?(T)}.

It turns out to be easier to deal with the equivalent problem for the dual operator
Ty defined at v € B(U) by

(Tyv)(e¥) = / U(P,. * K) (e~ dy(re*?).

Our result, Theorem 3.1, is given in terms of the maximal operator Mg which
sends a positive Borel measure v on U to a function Mxv on T, with

. L
(Mgv)(e*) = sup llll‘1 /O K(e“”)daﬁl /S " dv,

the supremum being over all subares I of T' containing ¢'%. For K even and non-
negative on T, let K (') = supjg <4< K(€'?) denote the least even nonincreasing
majorant of K. For 1 < p < oo, p' =p/(p —1).

THEOREM 3.1. Fizp € (1,00) and suppose K is an even, nonnegative function
in LY(T) such that

o _ 0 )
(3.1) /0 K(e®)d¢ < C/O K(e'?) dg, 0<f<m.

Finally, let u € B(U). Then Tk : LP(T) — LP(u) if and only if C > 0 exists such
that

(3.2) / [Mx (xsu)(e®)]” dé < C / dp < oo
I s(I)
for subarcs I of T.
The proof of Theorem 3.1 follows the line of argument used by the authors in [4]

(see also [3]) to study the LP trace inequality for convolution operators with radially
decreasing kernels. The first step is to relate Ty and Mk (cf. Bonami-Johnson [1]).

THEOREM 3.2. Letp,K and K be as in Theorem 3.1. Then,
(a) There is C > 0 such that (Mkv)(e®) < CM(Tkv)(e®?), €® € T, for all
v € B(U). Here M is the classical Hardy-Littlewood mazimal operator on T,

(o)) = sup |11 / l9(e)] do.

(b) There exists v > 1 and C' > 0 such that for all A > 0, all 8 € (0,1] and all
v € B(U),

e € T: (TLv)(e¥) > A, (Mkv)(€') < BA}|
< C'B{e” € T: M(Tv)(e) > M},
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PROOF. (a) Fix a subarc I of T. Then,
/I (T () df = /1 do / /U (P, + K)(¢6-9) dy(rei®)
(33) = [[ avtre®) [P+ K)EO) a0
in * H(6-9) v(re'?).
> [ f /I(P, K)(e ¢)do] /S(I) du(rei®)

re'*eS(I)

However, for re'® € S(I),
/(P, « K)(e'®=9)) dg = / do/ P (e!®=¢=) K (e't) dt
I I T

= / K(e') dt / P, (e!6=¢=1)) 4g
T I

(3.4) (. .
> K(e')dt / P,(e®=¢=%)) dg
— |1 I

m -
>C / K(e)dt,
0

since
2|1

/P,(ei(o_"’_t)) dg > P,(e*)ds > C,
1 11|

when (1 —|I])+ £r<1and ¢+t € 3]. Combining (3.3) and (3.4) yields
: f . .
(3.5) |71 / (Tiv)(e®)do > C [m-l / K(e“)dt] / dv(re®)
I 0 s

for all 1. Now fix €' € T and take the supremum in (3.5) over all I containing e*
to complete the proof of (a).
(b) Let A > 0 be given and set

Oy = {e?? € T: M(Tzv)(e") > A}

Let {Ix} be those component subarcs of (1) for which ¢ € I} exists such that
(Mg )(€*®*) < BA. Fix such a subarc and denote it by I. Let 3I be the subarc with
the same centre as I but 3 times the length. We have

(3.6) (311|)-1[ o K(e“’)dﬂ} [ / du(rew)] < Bx;
0 S(3I)

(3.7) |- /1 (TLv)(e®) do < A,

since (Mgv)(e®) < B for some ¢* € I and since M(T5v) < X at each end of I.
Define v; = v|g(as) and vp = v — vy = v|g(3r)- It will be sufficient to obtain

(3.8) (Tra)(e®) <C1A, €€l
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for some C; > 0 independent of I. To see this, suppose (3.8) holds and v > 2C;.
Then,

He? e I: (T}(u)(e“’) > A}
<|{eel: (T}{Vl)(ew) > C1)}

(3.9
<@ @) .

Now

- “)do = * K)(e'0—9¢) id
(3.10) /I(TKVI)(C a0 /zd”/ /3(3,)(” r * K) (e 7?) du(re®)

= // du(reidb)/(]:)r % k)(ei(o_‘b))dﬁ
5(31) I
and
/I(Pr*K)(ei(0—¢))d0 =/; do/TP"(eit)k(ei(a_d’_t))dt

= it i (i(6—d—t)

(3.11) /TP,.(e )dt/IK(e ) do

) /2 _ i o
< / Py.(e*) dt/ K(e*)ds < 2/ K(e*) ds,
T 0

-1l/2
since K (€**) is even when s € [—, 7] and nonincreasing when s € [0, 7]. Combining
(3.9), (3.10) and (3.11) we obtain

e € I: (Tw)(e?) > WY

an .
(3.12) < 2(Cy 0! [ A )ds] [ / /s o ¢)l

< cor'pl,

where the last inequality follows from (3.1) and (3.6). Summing (3.12) over all the
I gives (b).
It remains to prove (3.8). We claim this follows from the fact that

(3.13) (P, * K)(e10-9)) < C|1] ! / (P, * K)('t) dt
|6—o—t|<|1]
whenever €*® € I and re'® ¢ S(31I). For given (3.13), we have

(Thvn) () = / / (P, % B) (09 du(re'?)
S(3I)¢
<o / / du(re®) / (P, % K)(e") dt
S(31)° |0—0—t|<|1]|
el [[ avtre®) [ (Pos RO+ as
U |s|<||

= c|I! f (T) (0= ds
IsI<|1]

<CX by (3.7),
as required by (3.8).
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To see (3.13) observe that if re'® ¢ S(3I), then either ¢ ¢ 31, in which case
7] < |6 — ¢| since e € I; or 0 < r < 1—3|I|. In the former case (3.13) holds, since
(P * K)(e*) is even for s € [—m, 7| and nonincreasing for s € (0,7]. In the latter
case we use the inequality

P,(et) < 0|1|-1/ P(eit=)ds, —m<t<m O<r<1-3I|.
[s|<H]

(For the case |t| < |I], use the estimate P,(e**) ~ 1/(1 —r), |u| < 2|1|; for the case
|t|] > |I|, use the fact that u — P,(e**) is decreasing away from 0.) Thus the left
side of (3.13),

| Pee-e k() du,
T
is dominated by

C / 17|~! / P, (e!®=¢—4=9)) dsK (e™) du
T |s|<IT]

=C|I|™? / dt / P (et~ K (™) du
|6—p—t|<|I| T

which equals the right side of (3.13).

The second step in the proof of Theorem 3.1 involves the following analogue of
a two-weight norm inequality for maximal operators in [7]; the proof is a straight-
forward adaptation of ones given in (7] and so is omitted.

THEOREM 3.3. Let K be as in Theorem 3.1 and let ¢ € (1,00). Suppose
u € B(U), v € B(T). Then, the inequality

/ [Mi (fu)(e?)]? dv(e) < C / / f(re®)? du(re'®)
T U
holds for all f >0 on U if and only if

/, Mrc(esm) (e e < © [ dutre)

s(I)
for all subarcs I of T.

We are now ready to give the
PROOF OF THEOREM 3.1. By duality, Tk : LF(T) — LP(u) if and only if

(3.14) /T Tl (fu) () db < C / /U F(re ) du(re'®)

forall f > 0in L?' (u). Part (a) of Theorem 3.2, together with the Hardy-Littlewood
maximal theorem (see [9, p. 5]), shows that

/ My (fu)(e) do < C / (M (Tl (f)) (€))7 do
T T

(3.15) o
<¢ [ [mtu ey a.
T
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Again, by part (b) of Theorem 3.2 and the maximal theorem in [9],
[ TmEr a

= py /0 ' H{0: Th (F)(€) > vA}| d

<0 [T M) () > 3} dx
(3.16) . _
+0B [0 MTE f)(e®) > X}

<cpg /T (M (f1) ()P do + CB /T [M (T (f1)) ()] df

<cp /T M (f) (@) db +CB /T (T (f1)) (€)' db.

Choosing f so small that C8 < 1/2 and subtracting CB [.[T7 (f 1) (e))? df from
both sides of (3.16) yields

/U'm WPW</W'M )P do

<C [ [Melsu)(e)P ds
T
From (3.15) and (3.17) we conclude that (3.14) holds if and only if

/T Mrc(fn)(e)P ds < [ /U F(re®) dp(rei®)

for all f > 0. Finally, Theorem 3.3 with dv(e*®) = df yields the conclusion of
Theorem 3.1.

As pointed out in §1, g € M(D,) if and only if g € H*(U) and Tk, : L*(T) —
L?(u), where du(z) = |¢'(2)|%p(1 — |2|) dz. We now know the boundedness of Tk,
is equivalent to (3.2) holding for K = K, and p = 2, provided it can be shown
that K, satisfies (3.1). We complete the proof of Theorem A by showing (3.1) for
K = K, as well as the equivalence of Mk, and M, in

LEMMA 3.4. Suppose p is a Dirichlet weight and let K = K, be defined by
(1.6). If K denotes the least nonincreasing even majorant of K, then one has the
equivalences

T z,
o [ K@ayx st [CR@dyx lo@) 2 ze ol
PROOF. By the definition of K, z~! Jo K(y)dy < =71 fo y)dy. Summing
by parts we obtain K (z) = Y20 (n + 1)A2K (n)én(z), where
sin[(n + 1)z/2]1?
sin(z/2)
is the Féjer kernel of order n. Thus, recalling that {K(n)} is convex, we obtain

K(y) <} (n+1D)A’K(n) sup a(2).

n=0 |y|S=Sﬂ'

(3.17)

fulz) = (n + 1)1 [
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But, it is easily seen that

/ [ sup ¢n(z)} dySC/ bn(y) dy
0 |lyl<z<w 0

for C > 0 independent of n. Hence, the averages of K and K are equivalent.
With N = [1/z],

_ T ks n .
319 o [(kwa~ [ ovwrwax ¥ (1-58) ke
0 o In|<[1/x]
the last equivalence is a consequence of the general form of Parseval’s formula. To
complete the proof of the lemma it will be sufficient to prove 2! [’ K(y)dy ~

[zp(z)] /2 for z near 0, say z € (0,1/4). For such z, we have from (1.6) and (3.18)

[1/1]/2 T
C S [np(1/m) 2 < 57 / K(y) dy
n=1 0
(1/a]
<C Y [np(1/n) 72,
n=1

or, equivalently (since p concave implies p(z)/2z nonincreasing)
1/2z z
C"/l lye(1/y))7*/ dy Sz“/o K(y)dy

1/z
<o [ w2 ay.

But, since p(z)/z nonincreasing,

1/2z
[ w1 dy > otz a2 (1 1)

> 47 [zp(z)] 71/,

while

1/z 1/z
/ lwo(1/9)]~ 2 dy < p(z)~1/? / v V2 dy < 2ap(z)] V2.
1 1

IV. The Féjer-Riesz inequality. Finally, we specialize Theorem 3.3 to the
case in which K = K|, so that Mk, is equivalent to M,; v is Lebesgue measure on
T; u is carried by the line segment L = {z € U: Im2=10,0 < Rez < 1}.

COROLLARY 4.5. Suppose p is a Dirichlet weight and let p € B(U) be carried
by L. Then, p is a Carleson measure on S, if and only if

2 1

(4.1) /Ot [ sup [sp(s)]~1/? /11 dp] dz < C du < oo,

z<s<t -3 1-t
whenever 0 <t < 1.

Condition (4.1) suggests a natural way to construct a Carleson measure for S,
which is absolutely continuous with respect to Lebesgue measure on L. The idea
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is to suppose equality holds in (4.1) and that the supremum in square brackets on
the left side is attained at s = z. With F(t) = fll_ . du, this means

/t[:::p(:::)]‘lF(:c)2 dz = CF(t), o<t<l.
0

If we further normalize u so that F(1) = 1 and set C = 1, then F satisfies the
boundary value problem

{ F'(t) = [tp(t)] "1 F(t)?,

F(04)=0, F(1)=1

whose solution is ) 1
PO =1+ [l as]

Let

1 -2
(4.2) du(t) = dF (t) = [tp(t)] " [1+ /t [sp(s)]—lds] dt

on L. Then (4.1) will hold provided the supremum in square brackets on the left
side is attained when s = z; that is, provided the function

1 -1
G(y) = lyp(y)] "> F(y) = [y(y)] ™/ [1 + / [sp(s)] ™ dS]
y
is nonincreasing. While this is not the case, it is true that G is almost decreasing;
that is,
(4.3) G(y) £ 2G(z), 0<z<y<l,
and this is enough to force (4.1). Since G(1) =1 and, by L’Hépital’s rule,
: - 1 / 1/2
Jm, Gly) = lim (p(y) +ye'(¥)]/2[yp(y)]

> | -1 1/2 _

2 lim 277 [p(y)/y]"'* = oo,
it suffices to prove (4.3) when both z and y are critical points of G or z is critical

and y = 1. However, if G’'(2) = 0, then

1
L [ leo(0] ™ de = 2/[p(2) + 20/ (2).
-4
So, for z and y critical,

G(y) =27 [o(y) + vo' )]/ lvp(y)]*/?
<[e@)/y]'? (o' (¥) < p(v))
<[px)/2]'?  (z<y)
< [p(z) + 2 ())/[zp(z)]*  (z6'(z) > 0)
= 2G(z),
and for z critical and y =1,

G(y) = 1 < [p(2)/2]'/? < 2G(2).
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To summarize, we have proved

COROLLARY 4.6 (CF. NAGEL, RUDIN AND SHAPIRO [6]). Suppose p is a
Dirichlet weight and let p be the measure carried by L given by (4.2). Then p i3 a
Carleson measure for S,.

10.

REFERENCES

. A. Bonami and R. Johnson, Tent spaces based on the Lorentz spaces, Math. Nachr. 132 (1987),

81-99.

. Y. Katznelson, An introduction to harmonic analysis, Wiley, New York, 1968.
. R. Kerman and E. Sawyer, Weighted norm inequalities for potentials with applications to

Schrodinger operators, Fourier transforms and Carleson measures, Bull. Amer. Math. Soc. (N.S.)
12 (1985), 112-116.
, The trace inequality and eigenvalue estimates for Schrodinger operators, Ann. Inst. Fourier

(Grenoble) 36 (1986), 207-228.

. V. G. Maz'ya and T. O. Shaposhnikova, Theory of multipliers in spaces of differentiable func-

tions, Pitman, 1985.

. A. Nagel, W. Rudin, and J. H. Shapiro, Tangential boundary benaviour of function in Dirichlet-

type spaces, Ann. of Math. (2) 116 (1982), 331-360.

. E. Sawyer, A characterization of a two-weight norm inequality for mazimal operators, Studia

Math. 75 (1982), 1-11.

. D. A. Stegenga, Multipliers of the Dirichlet space, lllinois J. Math. 24 (1980), 113-139.
9.

E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press,
Princeton, N.J., 1970.
G. D. Taylor, Multipliers on Do, Trans. Amer. Math. Soc. 123 (1966), 229-240.

DEPARTMENT OF MATHEMATICS, BROCK UNIVERSITY, ST. CATHARINES, ONTARIO,
CANADA

DEPARTMENT OF MATHEMATICS AND STATISTICS, MCMASTER UNIVERSITY, HAMIL-
TON, ONTARIO, CANADA



